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Disclaimer
Patrick Büchel is a Managing Director at Commerzbank in Frankfurt. The
views expressed in this presentation are the personal views of the speaker
and do not necessarily reflect those of Commerzbank.
Important legal information and additional information are set out in the
Legal Notices contained in this presentation.
Chatham House Rules apply
The Open Source Risk Engine’s objective is to provide a free/open source
platform for risk analytics and xVA. It is based on QuantLib and grew from
work developed by market professionals and academics.
The aim is to build on QuantLib’s simulation models, instruments, and
engines, and work by professionals and academics. It brings large-scale
open-source risk models to the public domain to facilitate research and
understanding through simple interfaces for trade/market data and system
configurations, and simple launchers, see opensourcerisk.org.
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1

Hybrid multi-asset IR/FX model

Validation Tasks using ORE
Exposure simulation and xVA calculation
Method based on Least Squares Monte-Carlo (LSM) simulation
IR and FX models and products were considered
ORE was applied for:
Modeling assumptions of the risk factors (RF)
Calibration methodology of RF models
Analysis / Benchmarking of LSM - in particularly the regression error
Benchmarking exposure profiles for collateralized / un-collateralized
netting sets

The validation scope:
IR/FX RF models and products.
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1.1 Validation of Risk Factor Models and Calibration

Risk Factor (RF) models
IR Model: Hull-White model + time-dependent reversion and volatility :
dr (t) = λ(t)(θ(t) − r (t))dt + σ(t)dW (t),
W Brownian motion under Q, θ chosen such that the initial term structure
is matched.
FX Model: Based on Hull-White modeling for the domestic rd and the
foreign rate rf and GBM for the exchange rate X :
drd (t) = λd (t)(θd (t) − rd (t)))dt + σd (t)dWd (t),
drf (t) = λf (t)(θf (t) − rf (t))dt − ρf ,X σf (t)σX (t)X (t)dt + σf (t)dWf (t)
dX (t) = (rd (t) − rf (t))X (t)dt + σX (t)X (t)dWX (t),
Wd , Wf , WX correlated Brownian motions under Q (domestic), θd and θf
are chosen such that the term structures are matched.
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1.1 Validation of Risk Factor Models and Calibration

Validation of RF Model and its Calibration in ORE
IR model in ORE: 1F-HW model usign the LGM formulation (being
equivalent to HW modeling assumption).
FX model in ORE: Garman-Kohlhagen model, that is GBM for the
exachange rate, with stochastic drift.
In ORE both under Linear Gauss Markov (LGM) ansatz and. See,
Lichters et. al. [2].
With the help of ORE’s xml interface the calibration strategy of the IR
model is replicated and the fit of the model on the non-calibration
instruments are analyezed (cross validation)
The negative mean reversion phenomenon of the model is analyzed.
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1.1 Validation of Risk Factor Models and Calibration

Cross Validation of Non-Calibration Instruments

Figure: Upfront differences for ATM swaptions not necessary calibrated to.
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1.1 Validation of Risk Factor Models and Calibration

Cross Validation of Non-Calibration Instruments

Figure: Upfront differences for ATM + 1% (top left), ATM + 3% (top left), ATM
- 1% (bottom left) and ATM - 3% (bottom right) swaptions
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1.1 Validation of Risk Factor Models and Calibration

Negative Mean-Reversion in 1F-HW model
Negative mean reversion changes the basic modelling assumption of mean
reversion. It turns it into a mean repelling model:

Figure: Effect of setting the mean reversion to negative value.

The paths are now drifting away from the long term mean. In this case the
long term mean looses its characteristics.
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1.2 Exposure Benchmarking using ORE

Exposure Comparative Tests ORE vs the validated system
Test Steps
1

Calculate the exposure profile and extract trade data and market data from the system’s proprietary XML

2

Convert trade data, market data and model parameters from the system XML to ORE XML

3

Calculate the exposure profile in ORE, plot the exposure profiles from the system and ORE

XML Input of ORE Trade
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1.2 Exposure Benchmarking using ORE

10 Year At-The-Money IR Swap

The left image shows the expected positive exposures of the system (blue), the expected positive exposures
of ORE (green) and their absolute difference (red)
The right image shows the expected negative exposures of the system (blue), the expected negative
exposures of ORE (green) and their absolute difference (red)
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1.2 Exposure Benchmarking using ORE

2 Year EUR/USD FX Forward

The left image shows the expected positive exposures of the system (blue), the expected positive exposures
of ORE (green) and their absolute difference (red)
The right image shows the expected negative exposures of the system (blue), the expected negative
exposures of ORE (green) and their absolute difference (red)
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1.3 Regression Test based on Hull-White Model

Approximation of Historical PV Distribution via Least-Square Method (LSM)
Test Part I: Regression test based on historical data
The first part of the test was carried out using
ORE
Test samples consists of the historical PVs and
the historical market data
The historical 5-year discount factor was chosen
as the risk factor for the test instruments
The regression was between historical PVs and
corresponding log-changes of the RF
The regression PVs were then obtained by the
regression parameters and the log-changes of
the RF

Test Part II: Regression test regarding HW model
For the second part we replaced the historical
discount curves with the discount curves
generated by the 1 factor HW model
The 1F HW model generates a distribution of
discount curves by adjusting the random
numbers
Select one of them such that it optimally fits
the corresponding historical discount curve
The regression was between the historical PVs
and corresponding log changes of the 5-year
HW discount factor

Observation - Regression Test
The regression based on the 1F-HW model can not sufficiently well approximate the distribution of historical
PVs.
The 1F-HW model can not reproduce the historical discount curves sufficiently well.
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1.3 Regression Test based on Hull-White Model

4 Year At-The-Money Swap Forward Starting in 1 Year

Regression and Density
Comparison based on
Historical Data

Regression and Density
Comparison regarding 1F
HW Model
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1.3 Regression Test based on Hull-White Model

In-The-Money (1 Year × 4 Year) - IR Swaption

Regression and Density
Comparison based on
Historical Data

Regression and Density
Comparison regarding
Hull-White Model

ORE for Validation

16/35

1.4 Collateralization

Collateralization

The next task was to benchmark the expected collateral and
collateralized exposure.
Only the variation margin was in scope (no initial margin).
Implementing a collateral model from scratch is very time consuming
and really nitty gritty stuff.
By using ORE’s collateral model we compared exposure profiles.
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2

Prototype of a Cheyette Model

Trolle-Schwartz Model
A model currently in prototyping state in ORE is an interest rate model
applied for the exposure calculation.
IR model: Trolle-Schwartz Model [1].
HJM type model with (unspanned) stochastic volatility being a square
root process.
Advantages :
Markovian representations for instantenous forward rates and zero bond
prices
Swap / Libor rates dynamics available via Ito-formula
⇒ Efficent simulation of future market scenarios using Monte Carlo
simulation
Semi-closed form solutions for European swaptions
⇒ Efficient calibration to the swaption cube can be conducted
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2

Prototype of a Cheyette Model

Trolle-Schwartz Mode in ORE+

Work in progress in ORE+:
TS model and the corresponding stochastic process is implemented.
Analytic and Monte-Carlo pricing engines for European Swaptions are
implemented.
Calibration tests have been conducted
Exposures profiles - IR swaps up to now are available -
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2

Prototype of a Cheyette Model

Trolle-Schwartz Model
State Variables

p

v (t)dW Q (t)


p
p
dv (t) = κ(θ − v (t))δt + σ v (t) ρdW Q (t) + 1 − ρ2 dZ Q (t) ,
dx(t) = −γx(t)δt +

and six additional equations
dφ1 (t) = (x(t) − γφ1 (t))dt
dφ2 (t) = (v (t) − γφ2 (t))dt
dφ3 (t) = (v (t) − 2γφ3 (t))dt
dφ4 (t) = (φ2 − γφ4 (t))dt
dφ5 (t) = (φ3 − 2γφ5 (t))dt
dφ6 (t) = (2φ5 − 2γφ6 (t))dt.
For the model there exist a Markovian Representation for (instantaneous) Forward
Rates and Zero Bonds.
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2

Prototype of a Cheyette Model

European Call Prices
For the calibration procedure the fast and accurate pricing of
European Swaptions is crucial.
The original paper [1] gives an approximation formula based on the
pricing of options on Zero Coupon Bonds (see Duffie et. al [3]) and
one applying Stochastic Duration (see [4]).
In ORE+ we implemented the semi-analytical swaption pricing using
the characteristic function.
In order to backtest the implementation and applying it for
benchmarking a Monte Carlo pricing engine is implemented as well.
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2

Prototype of a Cheyette Model

Analytic versus MC pricing for ATM European Swaptions

Figure: Analytic versus MC prices of European swaptions
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2

Prototype of a Cheyette Model

Numerical Challenges in European (semi-) analytic Swaption
Pricing
Basic:
Root finding algorithm for the calculation of stochastic duration:
QuantLib’s Brent root finding algorithm is used.
Numerical solution of the Ricatti equations: QuantLib’s Adaptive
Runga-Kutta ODE solver is utilized.

Tricky:
Numerical integration the inverse fourier transform: GSL’s adaptive
Gauss-Kronrod Integration with 61 points (QNG). Problems with the
oscilating integrands may occur for some parameter settings. See the
next slides. Work on progress using GSL’s adaptive integration for
oscillatory functions (QAWO).
ORE for Validation
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2

Prototype of a Cheyette Model

Figure: Integrands for the case of a 1Mx1Y Swaption for different strike values.
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2

Prototype of a Cheyette Model

Exposure profile IR swap

Figure: Example: Exposure profile of an IRS using different values for σ.
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3.1 Markovian Representation

Markov Representation of the (instantaneous) Forward Rate
f (t,T ) = f (0,T ) + Bxf (T − t)x(t) +

6
X

Bφf j (T − t)φj (t),

j=1

with
Bxf (τ ) := (α0 + α1 τ ) e −γτ Bφf 1 (τ ) := α1 e −γτ
 

−γτ
0
Bφf 2 (τ ) := αγ1 γ1 + α
α1 (α0 + α1 τ ) e






α0 α1 1 α0
α1 α1
α2
Bφf 3 (τ ) := −
+
+
+ 2α0 τ + 1 τ 2 e −2γτ
γ
γ
α1
γ
γ
γ


α21 1
f
−γτ
0
Bφ4 (τ ) := γ γ + α
α1 e


α2
Bφf 5 (τ ) := − αγ1 αγ1 + 2α0 + 2α1 τ e −2γτ , Bφf 6 (τ ) := − γ1 e −2γτ .
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3.1 Markovian Representation

Markov Representation of the Zero Bond


6
X
P(0, T )
P
P

P(t, T ) =
exp Bx (T − t)x(t) +
Bφj (T − t)φj (t) ,
P(0,t)
j=1
with





α1
α1 −γτ
1
+ α0
e −γτ − 1 + α1 τ e −γτ , BφP1 (τ ) =
(e
− 1),
γ
γ
γ
 


 2 
1
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γ
γ
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 2
1
α
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α
1
1
0
1
BφP4 (τ ) =
+
(e −γτ − 1), BφP6 (τ ) = −
(e −2γτ − 1),
γ
γ
α1
2
γ



α1
α1
BφP5 (τ ) = − 2
+ α0 (e −2γτ − 1) + α1 τ e −2γτ .
γ
γ
BxP (τ ) =
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3.2 European swaption pricing in TS

Options on zero bonds
Zero coupon bond option with expiry Texp , term Tterm and strike K is given by
OZB(w ; t, Texp , Tterm , K ) = w K G0,w (w log K ) − w G1,w (w log K ),
where w = ±1 ≡ put/call and Ga,b (y ) is given by


Z
1
1 ∞ Im Ψ(a + iub,t, Texp , Tterm )e −iuy
Ga,b (y ) = Ψ(a,t, Texp , Tterm ) −
du,
2
π 0
u
with Ψ(u,t, T0 , T1 ) having the form


Ψ(u,t, T0 , T1 ) = exp M(T0 − t) + N(T0 − t)v (t) + u log P(t,T1 ) + (1 − u) log P(t,T0 ) ,
where the functions M and N are the solutions of the Ricatti equations:
dM(τ )
=N(τ )κθ
τ
h
i
dN(τ )
=N(τ ) − κ + σρ [uBx (T1 − T0 + τ )] + (1 − u)Bx (τ )
τ
+ 0.5 N(τ )2 σ 2 + 0.5 u(u − 1) [Bx (T1 , T0 + τ ) − Bx (τ )]2 ,
with initial values M(0) = 0 and N(0) = 0.
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3.2 European swaption pricing in TS

Stochastic Duration
The idea of the stochastic duration approach is to approximate a European option on a coupon
bond with a (scaled) European option on a zero-coupon bond with maturity equal to the
stochastic duration of the coupon bond.
Munk’s result: The instantaneous variance of the relative price change of a zero-bond is:
VarZB (t,T ) = Bx2 (T − t)

(1)

and for a coupon bond with coupons ci over the period [Ti−1 , Ti ] is given by:

2
Nfxd
X

VarCB (t) =
wi Bx (Ti − t)

(2)

i=1

where wi = ci P(t,Ti)/

PNfxd
i=1

D(t) :

ci P(t,Ti ).
VarZB (t,t + D(t)) = VarCB (t)

which is equivalent to solving the following root finding problem:


Nfixed

Bx2 (D(t)) = 

X

2
wi Bx (Ti − t)

(3)

i=1
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3.2 European swaption pricing in TS

Option on Coupon Bonds

Therefore the time t-price of a coupon bond option with expiry Texp , term
Tterm (maturity of the underlying coupon bond) and strike K (denoted by
OCB(t, Texp , Tterm , K )) is given by
OCB(w ; t, Texp , Tterm , K ) = ξ OZB(w ; t, Texp , t + D(t), ξ −1 )
where

PNfxd
ξ=

ORE for Validation
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3.2 European swaption pricing in TS

Pricing of swaptions with coupon-bond options
A payer (receiver) swaption is a call option on a swap rate but can also can be valued as a
European put (call) option on a coupon bond and hence can be priced by using:

SO(w ; t0 , Texp , Tterm ) = E

Q





Nfxd

w 1 − 

X

cl P

OIS

(t0 , Tl ) +

l=1

Nflt
X

+ 
cek P

OIS

(t0 , Tk ) 

k=1

where w = ±1 is the payer swaption and receiver swaption respectively and

 K τ (T , T )
fxd
l−1
l
cl =
 1 + K τ (T , T )
fxd
l−1
l

, if l = 1, . . . ,Nfxd − 1
, if l = Nfxd

,

cek = −s(Tk−1 , Tk )τflt (Tk−1 , Tk )
(5)

Then,
SO(w ; t0 , Texp , Tterm ) = ξ OZB(w ; t, Texp , t + D(t), ξ −1 )
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3.2 European swaption pricing in TS

Pricing of swaptions with coupon-bond options
where D(t) is defined by

2
Nfxd
Nflt
X
X
ej Bx (Tj − t)
Bx2 (D(t)) = 
wi Bx (Ti − t) +
w
i=1

j=1

with
ci P(t,Ti)
wi = PNfxd
,
i=1 ci P(t,Ti )
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4.0 European swaption pricing in TS
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